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Abstract
We introduce heat semigroup-based Besov classes in the general framework of Dirichlet
spaces. General properties of those classes are studied and quantitative regularization estimates
for the heat semigroup in this scale of spaces are obtained. As a highlight of the paper, we
obtain a far reaching Lp-analogue, p ≥ 1, of the Sobolev inequality that was proved for p = 2
by N. Varopoulos under the assumption of ultracontractivity for the heat semigroup. The case
p = 1 is of special interest since it yields isoperimetric type inequalities.
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1 Introduction
Motivation
The family of Sobolev inequalities plays a major role in analysis (see for instance [51] and references
therein). In the Euclidean space Rn, n ≥ 2, it reads
‖f‖Lq(Rn) ≤ C‖ |∇f | ‖Lp(Rn), f ∈ C∞0 (Rn) (1)
where 1 ≤ p < n, q = npn−p , and the constant C depends on n and p.
In the context of a measure space (X,µ) equipped with a symmetric Dirichlet form E with
domain F , N. Varopoulos proved in [55] that a heat kernel upper bound of the type pt(x, y) ≤ Ctn/2 ,
n > 2, implies the following Sobolev inequality
‖f‖Lq(X,µ) ≤ C
√
E(f, f), f ∈ F , (2)
where q = 2nn−2 .
When applied to the Euclidean space equipped with the standard Dirichlet form E(f, f) =
‖ |∇f | ‖2L2(Rn), Varopoulos’ theorem yields the case p = 2 in (1). When p 6= 2, it is therefore natural
to look for results extending the inequalities (1) to Dirichlet spaces. In the present paper, among
other results, and without using any gradient structure (e.g. [5, 37]), we prove the following result
that extends Varopoulos’ theorem to any p ≥ 1 and is closely related to the methods developed
in [7].
Theorem 1.1. Let (X,µ, E ,F) be a Dirichlet space. Let {Pt}t∈[0,∞) denote the Markovian semi-
group associated with (X,µ, E ,F). Let p ≥ 1.
1. Assume that Pt admits a measurable heat kernel pt(x, y) satisfying, for some C > 0 and
β > 0,
pt(x, y) ≤ Ct−β (3)
for µ× µ-a.e. (x, y) ∈ X ×X, and for each t ∈ (0,+∞).
2. Assume that there exist α > 0 and C > 0 such that for every f ∈ Lp(X,µ)
‖f‖p,α ≤ C lim inf
t→0
t−α
(∫
X
∫
X
|f(x)− f(y)|ppt(x, y)dµ(x)dµ(y)
)1/p
, (4)
where
‖f‖p,α := sup
t>0
t−α
(∫
X
∫
X
|f(x)− f(y)|ppt(x, y)dµ(x)dµ(y)
)1/p
. (5)
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Then, if 0 < α < β and p < βα , there exists a constant Cp,α,β > 0 such that for every f ∈ Lp(X,µ),
‖f‖Lq(X,µ) ≤ Cp,α,β‖f‖p,α,
where q = pββ−pα .
Note that condition (3) is possible to verify in many classical and fractal examples because it
is equivalent to the Nash inequality
‖f‖2+2/β
L2(X,µ)
6 CE(f, f)‖f‖2/β
L1(X,µ)
(6)
according to [19,44].
In the case p = 2, we will prove that the condition (4) is always satisfied with α = 12 and that we
have E(f, f) ≃ ‖f‖22,1/2. As a consequence, Theorem 1.1 is indeed an extension of the Varopoulos
theorem. On the other hand, when applied to the Euclidean space equipped with the standard
Dirichlet form E(f, f) = ‖ |∇f | ‖2L2(Rn), for every p ≥ 1 the condition (4) is always satisfied with
α = 12 and Theorem 1.1 yields all of the Sobolev inequalities (1) because in that case we have
‖f‖p,1/2 ≃ ‖ |∇f | ‖Lp(Rn) .
We note that it is well-known since the works of Maz’ja and Federer-Fleming that the case p = 1
in (1) is equivalent to the isoperimetric inequality in Rn (see [48]). It is therefore expected that for
p = 1 Theorem 1.1 should yield isoperimetric type inequalities valid in very general Dirichlet spaces
and that, if (4) is satisfied, the seminorm ‖f‖1,α provides a natural notion of variation of a function
in that context. In more restrictive contexts, this remark is made very precise in the papers [1]
and [2] and it is shown that the condition (4) is satisfied if the underlying space X satisfies a weak
Bakry-E´mery type curvature condition.
In view of Theorem 1.1, given a Dirichlet space (X,µ, E ,F) with semigroup {Pt}t∈[0,∞) it is
natural to thoroughly study the family of Besov type spaces
Bp,α(X) =
{
f ∈ Lp(X,µ), ‖f‖p,α := sup
t>0
t−α
(∫
X
Pt(|f − f(y)|p)(y)dµ(y)
)1/p
< +∞
}
.
Structure of the paper
This paper is structured as follows. In Section 2 we introduce the notations and recall some basic
facts about Dirichlet forms and their associated heat semigroups. In Section 3 we describe the basic
setup of Dirichlet forms and our heat semigroup-based Besov spaces Bp,α(X), and conclude with a
metric characterization of these spaces under the hypothesis that the heat semigroup has a kernel
with sub-Gaussian estimates; this characterization, due to Pietruska-Pa luba [50], does not play a
major role in the arguments introduced in this paper, but is included here as an illustration and
because of its usefulness in concrete examples.
Section 4 is devoted to obtaining fundamental properties of the Besov classes, including the
Banach space property, reflexivity, interpolation properties and locality in time. We show that
certain of the Besov spaces are non-trivial, in particular by showing in Proposition 4.6 that the
Besov space B2,1/2(X) is precisely the domain F of the Dirichlet form, the analog of the classical
Sobolev space W 1,2(X). This is in contrast to the classical (metric-based) Besov space theory,
where B2,∞1 (R
n) consists only of constant functions, see [16]. From the preceding one deduces by
elementary convexity considerations that Bp,1/2(X) is dense in Lp if 1 ≤ p ≤ 2. We also give
examples that establish the range of possibilities for Bp,1/2(X) when p > 2: in Proposition 4.2
we describe a smooth setting in which Bp,1/2(X) contains C∞0 (X), but in Corollary 4.13 we show
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there are a class of Dirichlet forms for which the Besov spaces Bp,1/2(X) are trivial (contain only
constant functions) when p > 2. Moreover we begin to analyze the relationship between the Besov
spaces Bp,α(X) and the domain of the fractional powers of the generator L of the Dirichlet form,
showing in particular that (−L)s : Bp,α(X)→ Lp is bounded for 0 < s < α.
In Section 5, we prove that, when 1 < p ≤ 2, the heat semigroup is always continuous as an
operator Lp(X,µ) → Bp,1/2(X), see Theorem 5.1. It is remarkable that it is true in any Dirichlet
space without any further assumption. In [1] and [2], we will see that for p > 2, this continuity
is valid under weak Bakry-E´mery type curvature conditions. We use this result to establish some
refinements of our triviality and non-triviality results from Section 4 and summarize them in terms
of critical exponents for density and triviality of the Besov spaces. The results of this section will
play an important role in [2]. In particular, the Besov critical exponents on fractal sets will be
shown to be closely related to the geometry of these sets.
In Section 6 we will consider Sobolev-type embedding theorems for the Besov classes Bp,α(X).
Our main assumption is that the underlying Dirichlet space admits a heat kernel pt(x, y) satisfying
a global upper bound of the type pt(x, y) ≤ ct−β. In Dirichlet spaces, the proof of the existence of
a Sobolev inequality with p = 2 under this type of heat kernel estimates goes back to a celebrated
work by N. Varopoulos (see Chapter 2 of [56] and the references therein). To study the case
p 6= 2, we make use of the ideas and methods developed in [7,51] and more recently in [11]. Those
methods are general enough to apply to our setting and underline the fact that our Besov classes
provide a natural framework for a general theory of BV functions and isoperimetric inequalities
on arbitrary Dirichlet spaces. These outline the beginnings of a connection between our Besov
classes and isoperimetric type estimates that will be further explored under various assumptions
in the works [1–3]. Among many others, one of the novel future applications of Besov classes and
isoperimetry will also be to study diffusions on pattern spaces of quasicrystals [4], corresponding to
a unique strongly local but not strictly local Dirichlet form for which energy measures are absolutely
continuous.
In Section 7 we give some further applications of the main ideas under the assumption of either
a Poincare´ inequality or a log-Sobolev inequality. The idea is to replace the ultracontractivity esti-
mate assumption of Section 6 by a supercontractive or hypercontractive one and explore the corre-
sponding isoperimetric information. Such results may potentially be applied in infinite-dimensional
situations like the Wiener space.
We conclude this introduction by noting some references from the existing literature that are
closest to our work. The literature on Besov spaces is so large that it is not possible to be exhaustive,
but we hope the following may be helpful to the reader. Further references and comments will be
given throughout the text. For many equivalent descriptions of the Besov-Nikol’skii spaces in
R
n, including Poisson heat kernel characterizations we refer to [53]. For the classical theory of
Besov spaces from the point of view of interpolation theory, we refer for example to the book of
Triebel [54]. The relationship between Besov spaces and the Laplace operator or its square root in
different settings has been studied from various points of view for some time; see, for example, [25]
on Lie groups, [17] on spaces with polynomial upper bound on the volume and Poisson-type heat
kernel bound, [40] on fractal metric spaces, and [35] on metric measure spaces with sub-Gaussian
heat kernel estimates and certain regularity assumptions. We also note that Besov spaces can be
characterized via wavelet frames, see [24,43]. Finally, our definition of Besov classes is particularly
closely connected to the work of Pietruska-Pa luba [50], and we learned much about the relevance
of this approach to Dirichlet forms from work of Grigor’yan, Hu and Lau [33,34].
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2 Preliminaries
In this section, we introduce the notations and notions used throughout the paper and, for conve-
nience of the reader, collect some standard definitions and known results that will later be used.
The book [30] is a classical reference on the theory of Dirichlet forms and we refer to it for further
details. We also refer to [14] for an exposition of the theory that does not use the regularity of the
form hypothesis. For the general theory of heat semigroups we refer for instance to [26] or [28].
2.1 Dirichlet forms
Throughout the paper, let X be a good measurable space (like a Polish space) equipped with a
σ-finite measure µ. By good measurable space, we mean a measurable space for which the measure
decomposition theorem holds and for which there exists a countable family generating the σ-algebra
of X (see Page 7 in [8] for a discussion about good measurable spaces).
Let (E ,F = dom(E)) be a densely defined closed symmetric form on L2(X,µ). A function v
on X is called a normal contraction of the function u if for almost every x, y ∈ X,
|v(x)− v(y)| ≤ |u(x)− u(y)| and |v(x)| ≤ |u(x)|.
The form E is called a Dirichlet form if it is Markovian, that is, has the property that if u ∈ F and
v is a normal contraction of u then v ∈ F and E(v, v) ≤ E(u, u). In this paper we always assume
that E is a Dirichlet form and refer to (X,µ, E ,F) as a Dirichlet space. Some basic properties of
Dirichlet forms are collected in Theorem 1.4.2 in [30]. In particular, we note that F ∩L∞(X,µ) is
an algebra. We note that F is a Hilbert space with the E1-norm
‖f‖E1 :=
(
‖f‖2L2(X,µ) + E(f, f)
)1/2
. (7)
The Dirichlet space (X,µ, E ,F) is called regular if X is a locally compact topological space, µ
is a Radon measure whose support is X and (X,µ, E ,F) admits a core. If we denote by Cc(X) the
space of continuous functions with compact support in X, we recall that a core for (X,µ, E ,F) is
a subset of C of Cc(X) ∩ F which is dense in Cc(X) in the supremum norm and dense in F in the
E1-norm.
If E is regular, then for every f ∈ F ∩ L∞(X,µ), we can define the energy measure νf in the
sense of [13] through the formula∫
X
φdνf = E(fφ, f)− 1
2
E(φ, f2), φ ∈ F ∩ Cc(X),
see [23, Theorem 4.3.11]. Then νf can be extended to all f ∈ F by truncation, that is, for each
positive integer we consider fn := max{−n,min{n, f}}, and set νf to be the weak limit of the
sequence of measures νfn .
In this paper, most of the time we will not need to assume that (X,µ, E ,F) is regular, so if the
regularity assumption will be needed, it will be stated out explicitly.
2.2 Heat semigroup
Let {Pt}t∈[0,∞) denote the self-adjoint semigroup on L2(X,µ) associated with the Dirichlet space
(X,µ, E ,F) and L the infinitesimal generator of {Pt}t∈[0,∞) (see Section 1.4 in [30]). The semigroup
{Pt}t∈[0,∞) is referred to as the heat semigroup on (X,µ, E ,F).
The following spectral theory lemma can be found in [14, Proposition 1.2.3] or in [32, Section 4].
It shows that one can recover the Dirichlet form E and its domain from the semigroup {Pt}t∈[0,∞).
5
Lemma 2.1. Denoting 〈·, ·〉 as the inner product in L2(X,µ), for f ∈ L2(X,µ) we have that
0 < t 7→ 1
t
〈(I − Pt)f, f〉
is a decreasing function. Moreover, the limit limt→0+ 1t 〈(I −Pt)f, f〉 exists if and only if f ∈ F , in
which case,
E(f, f) = lim
t→0+
1
t
〈(I − Pt)f, f〉. (8)
By definition, the semigroup {Pt}t∈[0,∞) acts on L2(X). However it inherits from the Markovian
property of the Dirichlet form the sub-Markovian property: If 0 ≤ f ≤ 1 then 0 ≤ Ptf ≤ 1. This
fundamental property allows us to develop an Lp theory of the semigroup and from this classical
theory (see for instance Theorems 1.4.1 and 1.4.2 in [26]), the following properties of the semigroup
{Pt}t∈[0,∞) are known:
• The semigroup {Pt}t∈[0,∞) maps L1(X,µ)∩L∞(X,µ) into itself and may be extended, using
Riesz-Thorin interpolation, to a contraction semigroup on Lp(X,µ) for each 1 ≤ p ≤ +∞.
We will denote that extension also by Pt. We explicitly note that the contraction property
reads:
‖Ptf‖Lp(X,µ) ≤ ‖f‖Lp(X,µ), f ∈ Lp(X,µ), 1 ≤ p ≤ ∞.
The semigroup {Pt}t∈[0,∞) is said to be conservative if Pt1 = 1.
In this paper, we always assume that {Pt}t∈[0,∞) is conservative. This assumption is
not overly restrictive, as it holds also for the standard Dirichlet form on the Wiener space,
see [45].
• The semigroup {Pt}t∈[0,∞) is symmetric, i.e. for 1 ≤ p, q ≤ ∞ with 1p + 1q = 1, f ∈ Lp(X,µ),
g ∈ Lq(X,µ), t ≥ 0, ∫
X
(Ptf)(x)g(x)dµ(x) =
∫
X
f(x)(Ptg)(x)dµ(x). (9)
• The semigroup {Pt}t∈[0,∞) is strongly continuous on Lp(X,µ) for 1 ≤ p < +∞, i.e.,
‖Ptf − f‖Lp(X,µ) → 0, as t→ 0. (10)
• The semigroup {Pt}t∈[0,∞) is an analytic semigroup on Lp(X,µ) for 1 < p < +∞. In partic-
ular, from [28, page 101], there exists a constant C > 0 independent of t > 0 (but depending
on p) such that for every f ∈ Lp(X,µ),
‖LPtf‖Lp(X,µ) ≤
C
t
‖f‖Lp(X,µ). (11)
Since we assume conservativeness, the semigroup {Pt}t∈[0,∞) yields a family of heat kernel mea-
sures. Namely, from Theorem 1.2.3, page 13, in [8], for every bounded or non negative measurable
function f : X → R,
Ptf(x) =
∫
X
f(y)pt(x, dy), t ≥ 0, x ∈ X, (12)
where, for each t > 0, pt(x, dy) is a probability kernel (that is, for every x ∈ X, pt(x, ·) is a
probability measure on X and for every measurable set A, x→ pt(x,A) is measurable). Note that
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from the symmetry property of the heat semigroup, the measure defined on X ×X by νt(A×B) =∫
X 1APt1Bdµ is symmetric, thus one has for every non-negative measurable function F : X×X → R,∫
X
∫
X
F (x, y)pt(x, dy)dµ(x) =
∫
X
∫
X
F (x, y)pt(y, dx)dµ(y). (13)
We say that the semigroup {Pt}t∈[0,∞) admits a heat kernel if the heat kernel measures have a
density with respect to µ, i.e. there exists a measurable function p : R>0×X ×X → R≥0, (and we
denote p(t, x, y) as pt(x, y) for t > 0 and x, y ∈ X) such that for every t > 0, x, y ∈ X, f ∈ Lp(X,µ),
1 ≤ p ≤ ∞,
Ptf(x) =
∫
X
pt(x, y)f(y)dµ(y).
Many of our results do not require the existence of a heat kernel. The major exceptions are the
Sobolev embeddings in Section 6. When this assumption will be needed, it will be stated explicitly.
The following lemma is well known. It follows from the classical Jensen’s inequality applied to
(12).
Lemma 2.2. Let Φ : R → [0,∞) be a convex function. Then for 1 ≤ p <∞ and all f ∈ Lp(X,µ)
and t ≥ 0 we have
Φ(Pt(f)) ≤ Pt(Φ ◦ f).
In particular, for 1 ≤ p <∞ and all f ∈ Lp(X,µ) and t ≥ 0 we have
|Pt(f)|p ≤ Pt(|f |p).
3 Heat semigroup-based Besov spaces
Let (X,µ, E ,F) be a Dirichlet space and let {Pt}t∈[0,∞) denote the associated heat semigroup. As
already pointed out, {Pt}t∈[0,∞) is assumed to be conservative. Our basic definition of the (heat
semigroup-based) Besov seminorm is the following:
Definition 3.1. Let p ≥ 1 and α ≥ 0. For f ∈ Lp(X,µ), we define the Besov seminorm:
‖f‖p,α = sup
t>0
t−α
(∫
X
Pt(|f − f(y)|p)(y)dµ(y)
)1/p
.
Observe that in terms of the heat kernel measure (12), one has:∫
X
Pt(|f − f(y)|p)(y)dµ(y) =
∫
X
∫
X
|f(x)− f(y)|ppt(y, dx)dµ(y).
Our goal in this paper is to study the Besov type spaces
Bp,α(X) = {f ∈ Lp(X,µ) : ‖f‖p,α < +∞}. (14)
The norm on Bp,α(X) is defined as:
‖f‖Bp,α(X) = ‖f‖Lp(X,µ) + ‖f‖p,α.
Remark 3.2. It is apparent that if v is a normal contraction of u ∈ Bp,α(X) then v ∈ Bp,α(X)
with ‖v‖p,α ≤ ‖u‖p,α and ‖v‖Bp,α(X) ≤ ‖u‖Bp,α(X). This fact will be used from time to time without
further comment.
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One has first the following example of the standard Dirichlet form on Rn.
Example 3.3. If X = Rn and E is the standard Dirichlet form on Rn, that is, for f, g ∈W 1,2(Rn)
we have
E(f, g) =
∫
Rn
〈∇f(x),∇g(x)〉dx,
then, for p ≥ 1 and α ≥ 0 the class Bp,α(X) coincides with the Besov-Nikol’skii class B2αp,∞(Rn)
that consists of f ∈ Lp(Rn, dx) such that
sup
h∈Rn,h 6=0
‖f(·+ h)− f(·)‖p
h2α
< +∞.
We refer for instance to [6] and [53] (Theorems 4 and 4*) for several equivalent descriptions of
those spaces.
Comparable Besov type spaces have previously been considered in the literature in some specific
settings. A most relevant reference is the paper by K. Pietruska-Pa luba [50] (see also references
therein). In particular, [50] provides a metric characterization of the spaces Bp,α(X) on Dirichlet
spaces that admit a heat kernel with Gaussian or sub-Gaussian heat kernel estimates.
Theorem 3.4 ( [50, Theorem 3.2]). Let (X,µ, E ,F) be a Dirichlet space and let d be a metric on
X compatible with the topology of X. Assume that the metric space (X, d) is Ahlfors dH -regular
and that {Pt}t∈(0,∞) admits a heat kernel pt(x, y) satisfying, for some c1, c2, c3, c4 ∈ (0,∞) and
dW ∈ (1,∞),
c1t
−dH/dW exp
(
−c2
(d(x, y)dW
t
) 1
dW−1
)
≤ pt(x, y) ≤ c3t−dH/dW exp
(
−c4
(d(x, y)dW
t
) 1
dW−1
)
for µ× µ-a.e. (x, y) ∈ X ×X for each t ∈ (0,+∞). Let p ≥ 1 and α ≥ 0. We have
Bp,α(X) =
{
f ∈ Lp(X,µ) : sup
r>0
1
rαdW+dH/p
(∫∫
∆r
|f(x)− f(y)|p dµ(x) dµ(y)
)1/p
<∞
}
with comparable seminorms, where for r > 0 the set ∆r denotes the collection of all (x, y) ∈ X ×X
for which d(x, y) < r.
The further study of the spaces Bp,α(X) on Dirichlet spaces that admit a heat kernel with
sub-Gaussian estimates will be the object of the paper [2]. In the present paper, one of the main
goals is to study the spaces Bp,α(X) in the framework of a general Dirichlet space (X,µ, E ,F).
4 Properties of the heat semigroup-based Besov spaces
In this section we dentify and prove some fundamental properties of the Besov spaces given in
Section 3, including Banach space property, reflexivity, and non-triviality. We also show that the
supremum in the definition of Besov spaces can be replaced with limit supremum; this “locality in
time” property is very useful in obtaining local information about Besov functions (in particular,
dimensions of boundaries of sets whose characteristic functions are in a Besov class from their
norms, see [1–3]). We will also prove interpolation inequalities and pseudo-Poincare´ inequalities.
Those pseudo-Poincare´ inequalities will play a prominent role in the study of Sobolev inequalities,
see Section 6. Finally, we study the relationship between the Besov spaces and the domain of the
fractional powers of the generator of the Dirichlet form.
Throughout the section, let (X,µ, E ,F) be a Dirichlet space and let {Pt}t∈[0,∞) denote the
associated Markovian semigroup.
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4.1 Locality in time
The following “locality in time” property will be useful in understanding functions of bounded
variation, to be studied in the second and third paper [1, 2]. It also underlines the fact that the
Besov energy seminorm ‖ · ‖p,α is a global object, since in going from the supremum in the Besov
norm to limit supremum one also picks up the Lp-norm. Recall the definition of (heat semigroup-
based) Besov classes from Definition 3.1.
Lemma 4.1. Let p ≥ 1 and α ≥ 0. Then
Bp,α(X) =
{
f ∈ Lp(X,µ) : lim sup
t→0
t−α
(∫
X
Pt(|f − f(y)|p)(y)dµ(y)
)1/p
< +∞
}
.
Moreover, if β > α, then Bp,β(X) ⊂ Bp,α(X). Furthermore, for f ∈ Bp,α(X), and for every t > 0,
we have
‖f‖p,α ≤ 2
tα
‖f‖Lp(X,µ) + sup
s∈(0,t]
s−α
(∫
X
Ps(|f − f(y)|p)(y)dµ(y)
)1/p
.
Proof. The claim Bp,β(X) ⊂ Bp,α(X) for β > α is immediate.
If f ∈ Bp,α(X), then
lim sup
t→0
t−α
(∫
X
Pt(|f − f(y)|p)(y)dµ(y)
)1/p
≤ ‖f‖p,α.
Conversely, if lim supt→0 t−α
(∫
X Pt(|f − f(y)|p)(y)dµ(y)
)1/p
< +∞, then there is some ε > 0 for
which
sup
t∈(0,ε]
t−α
(∫
X
Pt(|f − f(y)|p)(y)dµ(y)
)1/p
<∞.
For t > ε, since |f(x)− f(y)|p ≤ 2p−1(|f(x)|p + |f(y)|p), the semigroup is conservative (and hence
Pt1(x) = 1 for all x ∈ X) and
∫
X Pt(|f |p)(x) dµ(x) ≤
∫
X |f(x)|p dµ(x), we have
t−α
(∫
X
Pt(|f − f(y)|p)(y)dµ(y)
)1/p
≤ 2ε−α‖f‖Lp(X,µ).
The last inequality stated in the lemma now follows from the above inequality, and we also have
that if lim supt→0 t−α
(∫
X Pt(|f − f(y)|p)(y)dµ(y)
)1/p
<∞, then f ∈ Bp,α(X). This completes the
proof.
Interestingly, in a large class of examples of strictly local Dirichlet forms, for α = 1/2,
lim sup
t→0
t−α
(∫
X
Pt(|f − f(y)|p)(y)dµ(y)
)1/p
is actually a limit that can be explicitly computed:
Proposition 4.2. Assume that X is a smooth manifold of dimension n ≥ d. Let L = V0+
∑d
i=1 V
2
i
be a Ho¨rmander’s type operator on X, where the Vi’s are smooth vector fields. Let us assume that
L is essentially self-adjoint on C∞0 (X) in L
2(X,µ) for some Radon measure µ on X. Consider the
Dirichlet space (X,µ, E ,F) obtained by closing the pre-Dirichlet form
E(f, g) =
∫
X
Γ(f, g)dµ(x), f, g ∈ C∞0 (X),
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where Γ(f, g) is the carre´ du champ operator defined by Γ(f, g) = 12(L(fg) − fLg − gLf) =∑d
i=1(Vif)(Vig). Assume that the associated semigroup Pt is conservative. Then, for every p ≥ 1,
C∞0 (X) ⊂ Bp,1/2(X)
and one has for every f ∈ C∞0 (X), and open set A ⊂ X,
lim
t→0
t−1/2
(∫
A
Pt(|f − f(x)|p)(x)dµ(x)
)1/p
= 2
Γ
(
1+p
2
)
√
pi
1/p(∫
A
Γ(f, f)(x)p/2dµ(x)
)1/p
,
where Γ
(
1+p
2
)
denotes the Euler’s gamma function.
We will prove this proposition below, after discussing the consequences of this proposition.
Remark 4.3. In the previous setting one has therefore for f ∈ C∞0 (X),(∫
X
Γ(f, f)(x)p/2dµ(x)
)1/p
≤ Cp‖f‖p,1/2. (15)
Moreover, if Pt satisfies the Bakry-E´mery estimate
√
Γ(Ptf) ≤ CPt
√
Γ(f), then we will see in [1,
Section 4.5] that we have a converse inequality to (15) for p = 1 which takes the form
‖f‖1,1/2 ≤ c
(∫
X
Γ(f, f)(x)1/2dµ(x)
)
.
Remark 4.4. Proposition 4.2 indicates that at a high level of generality, one may expect the Besov
spaces Bp,1/2(X), 1 ≤ p < +∞ to be closely related to the various notions of Sobolev spaces that
have been defined on metric measure spaces (see for instance [52]). While in this paper we shall
only be concerned with the study of all the Besov spaces Bp,α(X), the comparison between Sobolev
spaces and Besov spaces will be made in [1, Section 7] in the framework of Dirichlet spaces with
absolutely continuous energy measures. In the framework of [2], it will be interesting to compare
our results with the recent preprint [39] on Sobolev spaces and calculus of variations on fractals.
Such a comparison will be the subject of future study.
Example 4.5. If X = Rn and E is the standard Dirichlet form on Rn, it is natural to expect that
for every p ≥ 1, and every f ∈ Bp,1/2(X)
lim
t→0
t−1/2
(∫
Rn
Pt(|f − f(x)|p)(x)dx
)1/p
= 2
Γ
(
1+p
2
)
√
pi
1/p(∫
Rn
|∇f(x)|pdx
)1/p
.
The case p = 1 is proved in [49], but we did not find it in the literature for p > 1, p 6= 2, though it
seems to be closely related to [15] .
Proof of Proposition 4.2. We use here a probabilistic argument. For x ∈ X, we denote by
(Bxt )t≥0 the L-Brownian motion on X started from x, that is the diffusion with generator L. It can
be constructed as the solution of a stochastic differential equation in Stratonovich form:
dBxt = V0(B
x
t )dt+
√
2
d∑
i=1
Vi(B
x
t ) ◦ dβit
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where β is a d-dimensional Brownian motion. Let f ∈ C∞0 (X). The process
Mft = f(B
x
t )− f(x)−
∫ t
0
Lf(Bxs )ds
is a square integrable martingale that can be written
Mft =
√
2
d∑
i=1
∫ t
0
(Vif)(B
x
s )dβ
i
s.
We have then
Pt(|f − f(x)|p)(x) = E (|f(Bxt )− f(x)|p)
= E
(∣∣∣∣Mft + ∫ t
0
Lf(Bxs )ds
∣∣∣∣p) .
Observe now that 1√
t
∫ t
0 Lf(B
x
s )ds almost surely converges to 0 when t → 0. Therefore, 1√tM
f
t
converges in all Lp’s to the Gaussian random variable
√
2
∑d
i=1(Vif)(x)β
i
1. Since f has a compact
support, one deduces that
lim
t→0
t−1/2
(∫
A
Pt(|f − f(x)|p)(x)dµ(x)
)1/p
= Cp
(∫
A
Γ(f, f)(x)p/2dµ(x)
)1/p
,
with Cp =
√
2E(|N |p)1/p = 2
(
Γ( 1+p2 )√
pi
)1/p
, where N denotes a Gaussian random variable with
mean 0 and variance 1.
4.2 B2,1/2(X) = F and non-triviality of some of the spaces Bp,α(X)
We prove that the Besov space B2,1/2(X) is exactly the domain F of the Dirichlet form. It follows
that B2,1/2(X) is dense in L2(X,µ).
Proposition 4.6. We have B2,1/2(X) = F . Moreover, for every f ∈ F , 2E(f, f) = ‖f‖22,1/2.
Proof. Let f ∈ L2(X,µ). Note that as Pt is a linear and fixes constant functions (by its conserva-
tiveness), we have for t > 0 that
Pt(|f − f(y)|2)(y) = Pt(f2)(y) + f(y)2 − 2f(y)Pt(f)(y).
Therefore,
1
2t
∫
X
Pt(|f − f(y)|2)(y) dµ(y) = 1
2t
∫
X
(
Pt(f
2)(y) + f(y)2 − 2f(y)Pt(f)(y)
)
dµ(y).
Now using the symmetry (9) and the conservativeness of {Pt}t∈(0,∞), we have∫
X
Pt(f
2)(y) dµ(y) =
∫
X
(Pt1)(y)f
2(y) dµ(y) =
∫
X
f2(y) dµ(y).
Therefore,
1
2t
∫
X
Pt(|f − f(y)|2)(y) dµ(y) = 1
t
∫
X
(
f(y)2 − f(y)Pt(f)(y)
)
dµ(y)
=
1
t
〈(I − Pt)f, f〉. (16)
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From Lemma 2.1 above, one sees that the right side of (16) is positive and decreasing as t increases,
and has limit E(f, f) as t ↓ 0 if and only if f ∈ F . From this, we know that the limit t→ 0+ of the
left-hand side term above is the supremum, and the claim follows.
Proposition 4.7. If 1 ≤ q ≤ p ≤ ∞ and f ∈ Bp,α(X) then |f |p/q ∈ Bq,α(X) and
‖|f |p/q‖q,α ≤ 21/q
(
p
q
)
‖f‖(p/q)−1Lp(X,µ)‖f‖p,α. (17)
Proof. We need only prove the seminorm estimate, as the norm estimate then follows trivially from
Ho¨lder’s inequality. We use for any a, b > 0 such that a 6= b, the elementary inequality
|ap/q − bp/q|
|a− b| ≤
p
q
max{a, b}pq−1.
Equivalently,
|ap/q − bp/q|q ≤
(
p
q
)q
max{a, b}p−q|a− b|q.
Using this elementary inequality, one has∫
X
∫
X
∣∣|f(x)|p/q − |f(y)|p/q∣∣q pt(y, dx) dµ(y)
≤
(
p
q
)q ∫
X
∫
X
(|f(x)|p−q + |f(y)|p−q)∣∣|f(x)| − |f(y)|∣∣q pt(y, dx) dµ(y)
≤
(
p
q
)q ∫
X
∫
X
(|f(x)|p−q + |f(y)|p−q)∣∣f(x)− f(y)|∣∣q pt(y, dx) dµ(y). (18)
We now observe that thanks to (13),∫
X
∫
X
|f(x)|p−q∣∣f(x)− f(y)|∣∣q pt(y, dx) dµ(y) = ∫
X
∫
X
|f(x)|p−q∣∣f(x)− f(y)|∣∣q pt(x, dy) dµ(x).
On the other hand,∫
X
∫
X
|f(y)|p−q∣∣f(x)− f(y)|∣∣q pt(y, dx) dµ(y) = ∫
X
∫
X
|f(x)|p−q∣∣f(x)− f(y)|∣∣q pt(x, dy) dµ(x).
Thus, applying Ho¨lder’s inequality and then (12) to (18), we have∫
X
∫
X
∣∣|f(x)|p/q − |f(y)|p/q∣∣q pt(y, dx) dµ(y)
≤ 2
(
p
q
)q ∫
X
|f(x)|p−q
(∫
X
∣∣f(x)− f(y)∣∣q pt(x, dy)) dµ(x)
≤ 2
(
p
q
)q ∫
X
|f(x)|p−q
(∫
X
∣∣f(x)− f(y)∣∣p pt(x, dy))q/p dµ(x)
≤ 2
(
p
q
)q
‖f‖p−qLp(X,µ)
(∫
X
∫
X
∣∣f(x)− f(y)∣∣p pt(x, dy) dµ(x))q/p
≤ 2
(
p
q
)q
‖f‖p−qLp(X,µ)
(∫
X
Pt(|f − f(x)|p)(x)dµ(x)
)q/p
≤ 2
(
p
q
)q
‖f‖p−qLp(X,µ)tαq‖f‖qp,α,
which implies (17).
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The following is an immediate consequence of Propositions 4.6 and 4.7.
Corollary 4.8. If 1 ≤ q ≤ p ≤ ∞ and Bp,α(X) is dense in Lp(X,µ) then Bq,α(X) is dense in
Lq(X,µ). Hence Bp,1/2(X) is dense in Lp(X,µ) for 1 ≤ p ≤ 2.
We note that when the measure is finite a stronger statement is true:
Proposition 4.9. Let us assume that µ(X) <∞. Then p ≥ q implies Bp,α(X) ⊂ Bq,α(X) and
‖f‖q,α ≤ µ(X)1/q−1/p‖f‖p,α.
Proof. Let f ∈ Bp,α(X). From Lemma 2.2 and Ho¨lder’s inequality, one has∫
X
Pt(|f − f(y)|q)dµ(y) ≤
∫
X
Pt(|f − f(y)|p)q/pdµ(y) ≤ (µ(X))1−q/p
(∫
X
Pt(|f − f(y)|p)dµ(y)
)q/p
.
4.3 Triviality of some of the spaces Bp,α(X)
As we have seen, the space B2,1/2(X) is dense in L2(X,µ) since it is the domain F of E which is
dense in L2(X). For other values of the parameters, it turns out that some of the spaces Bp,α(X)
are in general trivial.
Proposition 4.10. Suppose that for all f ∈ F we have that f is constant whenever E(f, f) = 0.
Then, any f ∈ Bp,α(X) with 1 ≤ p ≤ 2 and α > 1/p is constant.
Proof. Let f ∈ Bp,α(X) with 1 ≤ p ≤ 2. For n ≥ 0, we set fn := min{n,max{−n, f}}. Since
|fn(x)− fn(y)| ≤ |f(x)− f(y)| for every x, y ∈ X and therefore Pt(|fn− fn(y)|p) ≤ Pt(|f − f(y)|p),
it is clear that fn ∈ Bp,α(X). Moreover,
Pt(|fn − fn(x)|2) = Pt(|fn − fn(x)|2−p|fn − fn(x)|p) ≤ 22−p‖fn‖2−pL∞(X,µ)Pt(|fn − fn(x)|p).
Therefore,
1
2t
∫
X
Pt(|fn − fn(x)|2)(x)dµ(x) ≤ 21−ptαp−1‖fn‖2−pL∞(X,µ)‖fn‖pp,α.
As αp > 1, this implies that
lim
t→0
1
2t
∫
X
Pt(|fn − fn(x)|2)(x)dµ(x) = 0.
Thus fn ∈ B2,1/2(X). Hence from Lemma 2.1 and Proposition 4.6, we see that fn ∈ F and
E(fn, fn) = 0. This implies that fn is constant for every n, thus f is constant.
The following theorem says that functions that are in f ∈ Bp,1/2(X)∩F have a property related
to the carre´ du champ. For the definition of a regular Dirichlet space and energy measure used in
the proof we refer to the preliminaries in Section 2.
Theorem 4.11. Let p > 2. If f ∈ Bp,1/2(X) ∩ F then there is Γ(f) ∈ L1(X,µ) such that for all
g ∈ L∞(X,µ) ∩ F , ∫
X
gΓ(f)dµ = 2E(gf, f)− E(f2, g). (19)
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Proof. According to [30, Theorem A.4.1(ii)], any Dirichlet space (X,µ, E ,F) satisfying our assump-
tions is equivalent to a regular Dirichlet space (X ′, µ′, E ′,F ′) where µ′ is a Radon measure. This
result was first obtained in [29], and in [38, Section 6] the isomorphism is realized as a Gelfand trans-
form. According to [30, Appendix A.4], the equivalence between the Dirichlet spaces (X,µ, E ,F)
and (X ′, µ′, E ′,F ′) implies the equivalence of Lp(X,µ) and Lp(X ′, µ′) spaces and the equivalence
of corresponding semigroups Pt and P
′
t . The spaces B
p,1/2(X) and Bp,1/2(X ′) are therefore also
equivalent.
Since (X ′, µ′, E ′,F ′) is regular, the Radon energy measure ν ′f ′ exists for any f ′ ∈ F ′. Let
f ′ ∈ Bp,1/2(X ′) ∩ F ′ and g′ ∈ L∞(X ′, µ′) ∩ F ′. Note that g′ ∈ L2(X ′, µ′) ∩ L∞(X ′, µ′) implies
g′ ∈ Lp/(p−2)(X ′, µ′).
By Ho¨lder’s inequality from Lemma 2.2, we have
1
t
∫
X′
|g′(y)|P ′t (|f ′ − f ′(y)|2)(y) dµ′(y) ≤
1
t
∫
X′
|g′(y)|(P ′t(|f ′ − f ′(y)|p)(y))2/p dµ′(y)
≤ 1
t
(∫
X′
P ′t(|f ′ − f ′(y)|p)(y) dµ′(y)
)2/p
‖g′‖
L
p
p−2 (X′,µ′)
≤ ‖f ′‖2p,1/2‖g′‖L pp−2 (X′,µ′).
Observe that we have∫
X′
g′(y)P ′t (|f ′ − f ′(y)|2)(y) dµ′(y) = 〈P ′t(f ′2), g′〉 − 2〈P ′tf ′, f ′g′〉+ 〈(f ′)2, g′〉
= −〈−P ′t((f ′)2), g′〉 − 2〈P ′tf ′, f ′g′〉+ 2〈f ′, f ′g′〉 − 〈(f ′)2, g′〉
= −〈(I ′ − P ′t)(f ′)2, g′〉+ 2〈(I ′ − P ′t)f ′, f ′g′〉.
Now using the above identity and then taking the limit t ↓ 0, we obtain
‖f ′‖2p,1/2‖g′‖Lp/(p−2)(X′,µ) ≥ lim
t↓0
2
t
〈(I ′ − P ′t )f ′, f ′g′〉 −
1
t
〈(I ′ − P ′t)(f ′)2, g〉
= 2E ′(f ′g′, f ′)− E ′((f ′)2, g′) =
∫
X′
2g′ dν ′f ′ ,
where, as in the previous result, the limit is by Lemma 2.1 above. The final equality is from the
definition of ν ′f ′ and [23, Theorem 4.3.11], see also [13].
In particular, if E1 ⊂ E2 are of finite µ′ measure and 1E1 ≤ g′ ≤ 1E2 then we obtain
ν ′f ′(E1) ≤
∫
X′
g′ dν ′f ′ ≤
1
2
‖f ′‖2p,1/2
(
µ(E2)
)(p−2)/p
.
We wish to show that ν ′f ′-measure of a µ
′-null X ′-Borel set is zero. Since both µ′ and ν ′f ′ are
X ′-Radon measures, it suffices to show this for a compact µ′-null set E1. For U ⊃ E1 open with
compact closure there is a continuous function h satisfying h = 1 on E1 and h = 0 on X
′ \U . Then
by the regularity of E ′, we can find k ∈ F ′ for which ‖h−k‖∞ < 1/3 (see [23, Definition 1.3.10(iii)]),
at which point g′ = 3((k∧2/3)−1/3)∨0 satisfies the conditions of the above estimate with E2 = U¯ ,
the closure of U . Then
ν ′f ′(E1) ≤ ‖f ′‖2p,1/2µ′(U¯)(p−2)/p ≤ ‖f ′‖2p,1/2µ′(V )(p−2)/p
for any open V containing U¯ . Thus ν ′f ′(E1) ≤ infV ‖f ′‖2p,1/2µ′(V )(p−2)/p, with the infimum over all
open sets V containing E1; this is zero by the outer regularity of µ
′ on X ′. Thus ν ′f ′ ≪ µ′ with a
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density
ν ′f ′
µ′
∈ L1(X ′, µ′). However the equivalence of the Dirichlet forms and Lp spaces then allows
us to take Γ(f) ∈ L1(X,µ) so that∫
X
gΓ(f) dµ =
∫
X′
g′
ν ′f ′
µ′
dµ′ = 2E ′(f ′g′, f ′)− E ′((f ′)2, g′) =
∫
X′
2g′ dν ′f ′ = 2E(fg, f)− E(f2, g).
We deduce two corollaries. The first uses definition of a carre´ du champ operator, see [14,
Defintion 4.1.2 ], which is that there is a map f 7→ Γ(f) on a E1-dense subspace of F ∩ L∞ such
that (19) holds. It shows that for p > 2, Bp,1/2(X) ∩ F is dense in F only in Dirichlet spaces that
admit a carre´ du champ operator.
Corollary 4.12. If Bp,1/2(X) ∩ F is dense in F with respect to the norm E1 defined in (7) for
some p > 2 then E admits a carre´ du champ operator and in particular (19) is true for all f ∈
F ∩ L∞(X,µ).
Proof. The proof that Γ extends to represent all f ∈ F ∩ L∞(X,µ) is [14, Proposition 4.1.3].
The second corollary is of interest because it is known there are spaces that admit regular
Dirichlet forms for which the energy measure νf is singular to µ for any non-constant f ∈ F ∩
L∞(X,µ), see [12,45]. Examples of such spaces include the Sierpinski gasket, see for instance [9,10,
41,42]. These spaces also have the property that E(f, f) = 0 implies f is constant, so the following
result says that on these spaces Bp,1/2(X) consists of constant functions when p > 2.
Corollary 4.13. Suppose that for all f ∈ F we have that f is constant whenever E(f, f) = 0. If E
is regular and the energy measure νf is singular to µ for any non-constant f ∈ F . Then Bp,1/2(X)
contains only constant functions when p > 2.
Proof. Suppose that f ∈ Bp,1/2(X) and assume without loss of generality, by Remark 3.2, that
f > 0 and is bounded. Then, from Lemma 4.7 fp/2 ∈ B2,1/2(X) = F . However, since f is
bounded, one also has fp/2 ∈ Bp,1/2(X). Therefore, fp/2 ∈ Bp,1/2(X) ∩ F . From the proof of
Theorem 4.11 we can conclude that νfp/2 = 0, thus f
p/2 and hence f is constant.
4.4 Banach space property and reflexivity
In this section we prove that for p ≥ 1 and α ≥ 0, Bp,α(X) is always a Banach space which is
moreover reflexive if p > 1.
Proposition 4.14. For p ≥ 1 and α ≥ 0, Bp,α(X) is a Banach space.
Proof. Let fn be a Cauchy sequence in B
p,α(X). Let f be the Lp limit of fn. From Minkowski’s
inequality used from the representation (12) and conservativeness of Pt, one has∣∣∣∣∣
(∫
X
Pt(|fn − fn(y)|p)(y)dµ(y)
)1/p
−
(∫
X
Pt(|f − f(y)|p)(y)dµ(y)
)1/p∣∣∣∣∣
≤
(∫
X
Pt(|(fn − f)− (fn(y)− f(y))|p)(y)dµ(y)
)1/p
≤
(∫
X
Pt(|fn − f |p)(y)dµ(y)
)1/p
+
(∫
X
Pt(|fn(y)− f(y)|p)(y)dµ(y)
)1/p
≤ 2‖f − fn‖Lp(X,µ).
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Therefore
lim
n→+∞
(∫
X
Pt(|fn − fn(y)|p)(y)dµ(y)
)1/p
=
(∫
X
Pt(|f − f(y)|p)(y)dµ(y)
)1/p
,
from which we deduce that
1
tα
(∫
X
Pt(|f − f(y)|p)(y)dµ(y)
)1/p
= lim
n→∞
1
tα
(∫
X
Pt(|fn − fn(y)|p)(y)dµ(y)
)1/p
≤ lim
n→∞ ‖fn‖p,α <∞.
Therefore f ∈ Bp,α(X) and ‖f‖p,α ≤ limn→+∞ ‖fn‖p,α. Similarly, for each fixed positive integer m,
‖f − fm‖p,α ≤ lim
n→+∞ ‖fn − fm‖p,α
and taking the limit m → +∞ together with the fact that (fn) is Cauchy with respect to the
seminorm ‖ · ‖p,α completes the proof.
We now turn to the reflexivity of Bp,α(X). The Clarkson inequalities for Lp-functions are well-
known. Given this, the following equivalent norm of ‖ · ‖Bp,α(X) immediately verifies the Clarkson
inequalities for Bp,α(X) given below. The equivalent norm, still denoted by ‖ · ‖Bp,α(X), is given by
‖f‖Bp,α(X) =
(
‖f‖pLp(X,µ) + ‖f‖pp,α
) 1
p
.
Lemma 4.15 (Clarkson type inequalities). Let f, g ∈ Bp,α(X), 1 < p < ∞, and q be the Ho¨lder
conjugate of p. If 2 ≤ p <∞, then
‖(f + g)/2‖p
Bp,α(X) + ‖(f − g)/2‖pBp,α(X) ≤ ‖f‖pBp,α(X)/2 + ‖g‖pBp,α(X)/2. (20)
If 1 < p ≤ 2, then
‖(f + g)/2‖q
Bp,α(X) + ‖(f − g)/2‖qBp,α(X) ≤
(
‖f‖p
Bp,α(X)/2 + ‖g‖pBp,α(X)/2
)q−1
. (21)
By Proposition 4.14 and by the discussion above, we know that Bp,α(X) is a Banach space. By
the above Clarkson inequalities, Bp,α(X) is uniformly convex. These, together with the Milman-
Pettis theorem yields the following corollary.
Corollary 4.16. For any p > 1 and α > 0, Bp,α(X) is a reflexive Banach space.
4.5 Interpolation inequalities
Now we turn our attention to interpolation inequalities. This exploration is in the spirit of the
classical situation, where it is known that the classical (metric) Besov classes of functions on
Euclidean spaces are obtained by interpolation between the Lebesgue spaces Lp and Sobolev spaces
W 1,p; see [31] for analogous results in metric setting where the measure is doubling and supports a
p-Poincare´ inequality. In our general setting, we have the following basic interpolation inequalities.
Proposition 4.17. Let θ ∈ [0, 1], 1 ≤ q, r < +∞ and β, γ > 0. Let us assume 1p = θq + 1−θr and
α = θβ + (1− θ)γ. Then, Bq,β(X) ∩Br,γ(X) ⊂ Bp,α(X) and for any f ∈ Bq,β(X) ∩Br,γ(X),
‖f‖p,α ≤ ‖f‖θq,β‖f‖1−θr,γ .
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Proof. Let f ∈ Bq,β(X) ∩Br,γ(X). One has for every t > 0
t−α
(∫
X
Pt(|f − f(y)|p)(y)dµ(y)
)1/p
= t−θβ−(1−θ)γ
(∫
X
Pt(|f − f(y)|p)(y)dµ(y)
)1/p
.
Then, from Ho¨lder’s inequality∫
X
Pt(|f − f(y)|p)(y)dµ(y) =
∫
X
Pt(|f − f(y)|pθ+p(1−θ))(y)dµ(y)
≤
(∫
X
Pt(|f − f(y)|q)(y)dµ(y)
) pθ
q
(∫
X
Pt(|f − f(y)|r)(y)dµ(y)
) p(1−θ)
r
.
One deduces
t−α
(∫
X
Pt(|f − f(y)|p)(y)dµ(y)
)1/p
≤t−θβ
(∫
X
Pt(|f − f(y)|q)(y)dµ(y)
) θ
q
t−(1−θ)γ
(∫
X
Pt(|f − f(y)|r)(y)dµ(y)
) 1−θ
r
.
Taking the supremum over t > 0 finishes the proof.
Remark 4.18. This interpolation inequality opens the door to study the (real and complex) inter-
polation theory of our Besov spaces. In view of the previous interpolation inequalities, it would be
natural to conjecture that (Bq,β(X),Br,γ(X))θ,p = B
p,α(X), where 0 < θ < 1, 1 < q, r < +∞ and
α, β, γ, p are the same as in the above proposition.
By Proposition 4.6 we know that B2,1/2(X) = F . Therefore, by the above interpolation in-
equality from Proposition 4.17, we have the following result.
Corollary 4.19. Let 1 < p ≤ 2 and q be its conjugate, i.e. 1p + 1q = 1. Let 0 < α < 1. Then, for
any f ∈ F ∩Bp,α(X) and g ∈ F ∩Bq,1−α(X), it holds that
|E(f, g)| ≤ ‖f‖p,α‖g‖q,1−α.
4.6 Pseudo-Poincare´ inequalities and fractional powers of the generator
Our goal in this section is to relate our Besov spaces to the domain of some fractional powers of
the generator of the Dirichlet form. In a very general framework, one can resort to (Hille-Yosida)
spectral theory to define the fractional powers of a closed operator A on a Banach space D(A) via
the following formula
(−A)sf = sinpis
pi
∫ ∞
0
λs−1(λI −A)−1(−A)f dλ,
for every f ∈ D(A). In fact, using Bochner’s subordination one can express the fractional powers of
A also in terms of the heat semi-group Pt = e
tA via the following formula, see (5) in [57, page 260],
(−A)sf = − s
Γ(1− s)
∫ ∞
0
t−s−1[Ptf − f ] dt. (22)
With A = L where L is the generator of E , we set, for 0 < s ≤ 1, the class Lsp to be the domain
of the operator (−L)s in Lp(X,µ), 1 ≤ p < ∞. In other words, Lsp consists of functions from
Lp(X,µ) for which there is a function g ∈ Lp(X,µ) such that (−L)sf = g.
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The following simple pseudo-Poincare´ inequalities that are analogs of classical Sobolev embed-
dings, will later play a prominent role in Section 6 and in our three subsequent papers. In this
section, we will use them to prove that the fractional operator (−L)s : Bp,α(X) → Lp(X,µ) is
bounded, where L is the generator of the Dirichlet form E and 0 < s < α ≤ 1.
Lemma 4.20 (Pseudo-Poincare´ inequalities). Let p ≥ 1 and α > 0. Then for every f ∈ Bp,α(X),
and t ≥ 0,
‖Ptf − f‖Lp(X,µ) ≤ tα‖f‖p,α.
Proof. From conservativeness of the semigroup and Ho¨lder’s inequality of Lemma 2.2, we have(∫
X
|Ptf(x)− f(x)|pdµ(x)
)1/p
=
(∫
X
|Pt(f − f(x))(x)|pdµ(x)
)1/p
≤
(∫
X
Pt(|f − f(x)|p)(x)dµ(x)
)1/p
≤ tα ‖f‖p,α.
Remark 4.21. Triebel [54] (Section 1.13.6) introduced the interpolation spaces:
(Lp(X,µ), E)α,∞ =
{
u ∈ Lp(X,µ) : sup
t>0
t−α‖Ptu− u‖Lp(X,µ) < +∞
}
.
From the previous lemma, it is therefore clear that Bp,α(X) ⊂ (Lp(X,µ), E)α,∞. However, it
may not be true that Bp,α(X) = (Lp(X,µ), E)α,∞, even when X = Rn, see Remark 4.5 in [49]
and [53] (Theorems 4 and 4*).
The following lemma will be useful:
Lemma 4.22. Let L be the generator of E, and let p > 1, 0 < α < 1. Then, there exists a constant
C > 0 such that for every f ∈ Bp,α(X) and t ≥ 0,
‖LPtf‖Lp(X,µ) ≤ C
‖f‖p,α
t1−α
.
Proof. By the analyticity of the semigroup Pt, see (11), it follows that limt→+∞ ‖LPtf‖Lp(X,µ) = 0
for 1 < p <∞ . Then, we have by the semigroup property of Pt, t > 0 that
‖LP2tf‖Lp(X,µ) =
∥∥∥∥∥
∞∑
k=1
(LP2ktf − LP2k−1tf)
∥∥∥∥∥
Lp(X,µ)
≤
∞∑
k=1
‖LP2ktf − LP2k−1tf‖Lp(X,µ)
≤
∞∑
k=1
‖LP2k−1t(P2k−1tf − f)‖Lp(X,µ)
≤
∞∑
k=1
1
2k−1t
‖P2k−1tf − f‖Lp(X,µ)
≤ C
∞∑
k=1
(2k−1t)α
2k−1t
‖f‖p,α
≤ C ‖f‖p,α
t1−α
,
where we used the analyticity of Pt in the third inequality and the pseudo-Poincare´ inequality in
the fourth.
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One has then the following proposition:
Proposition 4.23. Let α ∈ (0, 1], p ≥ 1 and 0 < s < α. Then
Bp,α(X) ⊂ Lsp,
and there exists a constant C = Cp,s,α such that for every f ∈ Bp,α(X),
‖(−L)sf‖Lp(X,µ) ≤ C‖f‖1−
s
α
Lp(X,µ)‖f‖
s
α
p,α. (23)
In particular, (−L)s : Bp,α(X)→ Lp(X,µ) is bounded.
Proof. Let f ∈ Bp,α(X). We need to prove that the integral x 7→ ∫∞0 t−s−1(Ptf(x) − f(x)) dt is
finite for almost every x ∈ X, and therefore that f ∈ Lsp. For δ > 0, one has∥∥∥∥∫ ∞
0
t−s−1(Ptf − f) dt
∥∥∥∥
Lp(X,µ)
≤
∫ ∞
0
t−s−1‖Ptf − f‖Lp(X,µ)dt
≤
∫ δ
0
t−s−1‖Ptf − f‖Lp(X,µ)dt+
∫ ∞
δ
t−s−1‖Ptf − f‖Lp(X,µ)dt
≤ ‖f‖p,α
∫ δ
0
t−s−1+αdt+ 2‖f‖Lp(X,µ)
∫ ∞
δ
t−s−1dt
≤ ‖f‖p,α δ
α−s
α− s + 2‖f‖Lp(X,µ)
δ−s
s
.
Choosing δ = 1 in the above shows the boundedness of (−L)s. To see (23), we choose δ > 0 that
satisfies
δα = 2
‖f‖Lp(X,µ)
‖f‖p,α
α− s
s
so that
‖f‖p,α δ
α−s
α− s = 2‖f‖Lp(X,µ)
δ−s
s
.
Then
Γ(1− s)
s
‖(−L)sf‖Lp(X,µ) =
∥∥∥∥∫ ∞
0
t−s−1(Ptf − f) dt
∥∥∥∥
Lp(X,µ)
≤ 2‖f‖Lp(X,µ)
δ−s
s
=
22−s/α
s1−s/α(α− s)s/α ‖f‖
1−s/α
Lp(X,µ) ‖f‖s/αp,α .
5 Continuity of Pt on the Besov spaces and critical exponents
Our goal in this section is to study the continuity properties of the semigroup Pt in the Besov
spaces Bp,α(X) with range 1 < p ≤ 2 and parameter α = 12 . As corollaries we will deduce several
important properties of the Besov spaces themselves. In particular, we will obtain the non-trivial
fact that for 1 < p ≤ 2, the Besov space Bp,1/2(X) contains the Lp(X,µ) domain of of L.
We will see in [2] that the study of the continuity of the semigroup in the Besov spaces Bp,α(X)
with range p > 2 requires additional assumptions on the space (Bakry-E´mery type curvature
condition).
As before, throughout the section, let (X,µ, E ,F) be a Dirichlet space and let {Pt}t∈[0,∞) denote
the associated heat semigroup.
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5.1 Continuity
The main result of the section is the following. It quantifies a regularization property of the heat
semigroup.
Theorem 5.1. Let 1 < p ≤ 2. There exists a constant Cp > 0 such that for every f ∈ Lp(X,µ)
and t ≥ 0
‖Ptf‖p,1/2 ≤
Cp
t1/2
‖f‖Lp(X,µ).
In particular Pt : L
p(X,µ)→ Bp,1/2(X) is bounded for t > 0.
It is remarkable that Theorem 5.1 applies to any Dirichlet space (X,µ, E ,F). To prove this
theorem we need the following auxiliary result. The proof of this auxiliary result is obtained from
some deep ideas originally due to Nick Dungey [27] and developed further by Li Chen [21].
Lemma 5.2. Let 1 < p ≤ 2. There exists a constant Cp > 0 such that for every non-negative
f ∈ Lp(X,µ) and t > 0(∫
X
Pt(|f − f(y)|p)(y)dµ(y)
)1/p
≤ Cp‖f‖1/2Lp(X,µ)‖Ptf − f‖
1/2
Lp(X,µ).
Proof. Let 1 < p ≤ 2 and t > 0 be fixed in the following proof. The constant C in the following will
denote a positive constant depending only on p that may change from line to line. For α, β ≥ 0,
set
γp(α, β) := pα(α − β)− α2−p(αp − βp)
and for a non-negative function f ∈ Lp(X,µ)
Γp(f)(x) := pf(x)
∫
X
(f(x)− f(y)) pt(x, dy)− f2−p(x)
∫
X
(fp(x)− fp(y)) pt(x, dy)
=
∫
X
γp(f(x), f(y)) pt(x, dy).
Note that from Lemma 3.5 in [22], one has for any α, β ≥ 0
(p − 1)(α− β)2 ≤ γp(α, β) + γp(β, α) ≤ p(α− β)2
and that, similarly to [27], page 122, one has Γp(f) ≥ 0. Then the same argument as in [22], Lemma
3.6, gives ∫
X
∫
X
|f(x)− f(y)|p pt(x, dy) dµ(x)
≤ C
∫
X
∫
X
(γp(f(x), f(y)) + γp(f(y), f(x)))
p/2 pt(x, dy) dµ(x)
≤ C
∫
X
∫
X
(
γp/2p (f(x), f(y)) + γ
p/2
p (f(y), f(x))
)
pt(x, dy) dµ(x)
= C
∫
X
∫
X
γp/2p (f(x), f(y)) pt(x, dy) dµ(x)
≤ C
∫
X
(∫
X
γp(f(x), f(y)) pt(x, dy)
)p/2
dµ(x)
= C
∫
X
Γp/2p (f)(x) dµ(x).
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Here the fourth line follows from the symmetry property of heat kernel measure in (13). Denote
∆t = I − Pt. Then ∆t is the generator of a strongly continuous semigroup {e−s∆t}s∈[0,∞) on
Lp(X,µ) given by e−s∆t =
∑∞
n=0
sn
n! (Pt − I)n. We then follow the proof of Theorem 1 in [22] (see
also Theorem 1.3 in [27]) by taking u(s, x) = e−s∆tf(x). Note that
Γp(u) = pu(u− Ptu)− u2−p(up − Pt(up))
= pu∆tu− u2−p∆t(up)
= −pu∂su− u2−p∆t(up)
= −u2−p (∂s +∆t)up.
Set now
J(s, x) = − (∂s +∆t)up(s, x),
so that
Γp(u) = u
2−pJ.
Note that since u ≥ 0 and Γp(u) ≥ 0, one has J ≥ 0. One has then from Ho¨lder’s inequality∫
X
Γp/2p (u)dµ =
∫
X
up(2−p)/2Jp/2dµ
≤
(∫
X
updµ
) 2−p
2
(∫
X
Jdµ
)p/2
.
Observe that u ∈ Lp(X,µ) and hence up ∈ L1(X,µ). Then ∫ Pt(up)dµ = ∫ upPt1dµ = ∫ updµ by
symmetry and the conservative property of Pt. It follows that
∫
X ∆tu
pdµ = 0. One computes then∫
X
Jdµ = −
∫
X
(∂s +∆t) u
p(s, x)dµ = −
∫
X
∂s(u
p)dµ = −p
∫
X
up−1∂sudµ = p
∫
X
up−1∆tudµ.
Thus, we have from Ho¨lder’s inequality∫
X
Jdµ ≤ p‖u‖p−1Lp(X,µ)‖∆tu‖Lp(X,µ).
From the definition of ∆t one concludes therefore(∫
X
∫
X
|u(s, x)− u(s, y)|p pt(x, dy) dµ(x)
)1/p
≤ C‖u(s, ·)‖1/2Lp(X,µ)‖Ptu(s, ·)− u(s, ·)‖
1/2
Lp(X,µ).
Letting s→ 0+ yields(∫
X
∫
X
|f(x)− f(y)|p pt(x, dy) dµ(x)
)1/p
≤ C‖f‖1/2Lp(X,µ)‖Ptf − f‖
1/2
Lp(X,µ).
We are now ready to prove Theorem 5.1.
Proof of Theorem 5.1. Let f ∈ Lp(X,µ). We can assume f ≥ 0. If not, it is enough to
decompose f as f+ − f− with f+ = max{f, 0} and f− = max{−f, 0}. Let s, t > 0, applying
Lemma 5.2 to Psf , one obtains(∫
X
Pt(|Psf − Psf(y)|p)(y)dµ(y)
)1/p
≤ Cp‖Psf‖1/2Lp(X,µ)‖Pt+sf − Psf‖
1/2
Lp(X,µ).
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Note that ‖Psf‖Lp(X,µ) ≤ ‖f‖Lp(X,µ) and that
‖Pt+sf − Psf‖Lp(X,µ) =
∥∥∥∥∫ t
0
LPs+ufdu
∥∥∥∥
Lp(X,µ)
=
∥∥∥∥∫ t
0
PuLPsfdu
∥∥∥∥
Lp(X,µ)
≤
∫ t
0
‖PuLPsf‖Lp(X,µ) du
≤ t ‖LPsf‖Lp(X,µ)
≤ C t
s
‖f‖Lp(X,µ) ,
where in the last step we used analyticity of the semigroup. One concludes(∫
X
Pt(|Psf − Psf(y)|p)(y)dµ(y)
)1/p
≤ C
(
t
s
)1/2
‖f‖Lp(X,µ).
Dividing both sides by
√
t and taking the supremum over t > 0 complete the proof.
We now collect several corollaries of Theorem 5.1. The following surprising result shows that
when p ≥ 2, the quantity
sup
t>0
t−1/2‖Ptf − f‖Lp(X,µ)
can actually always be controlled by
lim inf
t→0+
t−1/2
(∫
X
Pt(|f − f(y)|p)(y)dµ(y)
)1/p
.
This is another manifestation of the locality in time property of our Besov spaces (see also Section
4.1).
Proposition 5.3. Let 2 ≤ p < +∞. For every f ∈ Lp(X,µ), and t ≥ 0,
‖Ptf − f‖Lp(X,µ) ≤ Cpt1/2 lim inf
s→0
s−1/2
(∫
X
Ps(|f − f(y)|p)(y)dµ(y)
)1/p
Proof. For τ ∈ (0,∞) we set
Eτ (u, v) := 1
τ
∫
X
v(Pτ − I)udµ. (24)
Let f ∈ Lp(X,µ) and g ∈ Lq(X,µ) where q is the conjugate exponent of p. We note that,∫ t
0
Eτ (Psf, g)ds =
∫ t
0
1
τ
∫
X
(Ps+τf − Psf)gdµds
=
∫
X
(
1
τ
∫ t+τ
t
Psfds− 1
τ
∫ τ
0
Psfds
)
gdµ
Therefore, using the strong continuity of the semigroup in Lp(X,µ), one has for t ≥ 0,∫
X
(Ptf − f)gdµ = lim
τ→0+
∫ t
0
Eτ (Psf, g)ds.
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Note now that Eτ (Psf, g) = Eτ (f, Psg) and that from Ho¨lder inequality (applied as in the proof of
Proposition 4.17)
2|Eτ (f, Psg)| ≤ τ−1/2
(∫
X
Pτ (|Psg − Psg(y)|q)(y)dµ(y)
)1/q
τ−1/2
(∫
X
Pτ (|f − f(y)|p)(y)dµ(y)
)1/p
≤ τ−1/2
(∫
X
Pτ (|f − f(y)|p)(y)dµ(y)
)1/p
‖Psg‖q,1/2
≤ Cpτ−1/2
(∫
X
Pτ (|f − f(y)|p)(y)dµ(y)
)1/p
s−1/2‖g‖Lq(X,µ).
One has therefore∣∣∣∣∫
X
(Ptf − f)gdµ
∣∣∣∣ ≤ Cpt1/2‖g‖Lq(X,µ) lim infs→0 s−1/2
(∫
X
Ps(|f − f(y)|p)(y)dµ(y)
)1/p
,
and we conclude by Lp − Lq duality.
One deduces:
Corollary 5.4. Let 2 ≤ p < +∞ and α > 1/2. If f ∈ Bp,α(X) then E(f, f) = 0.
Proof. Indeed, for f ∈ Bp,α(X) with α > 1/2 one has
lim inf
s→0
s−1/2
(∫
X
Ps(|f − f(y)|p)(y)dµ(y)
)1/p
= 0,
so that for every t ≥ 0, Ptf = f , and thus E(f, f) = 0.
Our final corollary of Theorem 5.1 is as follows.
Proposition 5.5. Let 1 < p ≤ 2. Let L be the generator of E and Lp be the domain of L in
Lp(X,µ). Then
Lp ⊂ Bp,1/2(X)
and for every f ∈ Lp,
‖f‖2p,1/2 ≤ C‖Lf‖Lp(X,µ)‖f‖Lp(X,µ). (25)
Proof. Write for λ > 0
Rλf = (L− λ)−1f =
∫ ∞
0
e−λtPtfdt.
Consequently
‖Rλf‖p,1/2 ≤
∫ ∞
0
e−λt‖Ptf‖p,1/2dt ≤
∫ ∞
0
e−λt
C
t1/2
‖f‖Lp(X,µ)dt ≤ Cλ−1/2‖f‖Lp(X,µ).
It follows that
‖f‖p,1/2 ≤ Cλ−1/2‖(L− λ)f‖p ≤ C(λ−1/2‖Lf‖Lp(X,µ) + λ1/2‖f‖Lp(X,µ)).
Taking λ = ‖Lf‖Lp(X,µ)‖f‖−1Lp(X,µ), gives the result.
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5.2 Critical Besov exponents
One can summarize several of our findings about the density or the triviality of our spaces Bp,α(X)
by introducing the notion of Besov critical exponents. Let p ≥ 1. For the space X we define the
Lp Besov density critical exponent α∗p(X) and triviality critical exponent α
#
p (X) as follows:
α∗p(X) = sup{α > 0 : Bp,α(X) is dense in Lp(X,µ).}
α#p (X) = sup{α > 0 : Bp,α(X) contains non-constant functions}.
Evidently α∗p(X) ≤ α#p (X). Critical Besov exponents of this and similar types have appeared in
several previous works [33,34,36]. In particular, Grigor’yan [33] points out that when Theorem 3.4
can be applied, we know Bp,α(X) can be defined in a purely metric fashion and therefore the
critical exponents are determined by the metric-measure structure of X and are independent of
any heat kernel. He also proves the exponent α∗2(X) =
1
2 if Pt is stochastically complete, see also
Proposition 5.6(4) below. There does not seem to be any literature on whether α∗(X) and α#(X)
are distinct, but note that Gu and Lau [36] gave examples of spaces and Dirichlet forms for which
the Besov critical exponent for density of B2,α(X) in C(X) is strictly less than α#2 (X).
Proposition 5.6. The following are true:
1. Both p 7→ α∗p(X) and p 7→ α#p (X) are non-increasing;
2. For 1 ≤ p ≤ 2 we have α#p (X) ≥ α∗p(X) ≥ 12 ;
If we assume that E(f, f) = 0 implies f constant, then we have in addition
3. If 1 ≤ p ≤ 2 then α∗p(X) ≤ α#p (X) ≤ 1p ;
4. α∗2(X) = α
#
2 (X) =
1
2 ;
5. For 2 ≤ p <∞ one has α∗p(X) ≤ α#p (X) ≤ 12 ;
Furthermore if E is regular and the energy measure νf for each non-constant f ∈ F is singular to
µ (as is the case on some fractals) we obtain
6. For p > 2 one has α∗p(X) ≤ α#p (X) < 12 .
Proof.
1. This is a direct application of Proposition 4.7 and Corollary 4.8.
2. We proved in Proposition 4.6 that B2,1/2(X) = F which is dense in L2, which proves the
result for p = 2. For 1 ≤ p ≤ 2 we use Claim 1.
3. This follows from Proposition 4.10.
4. Combine Claim 2 and Claim 3.
5. This follows from Corollary 5.4.
6. This is Corollary 4.13.
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We now present some conjectures on the critical exponents. We state them for α#p (X), but
similar results would be expected to hold for α∗p(X).
Remark 5.7. In view of the duality given by Corollary 4.19, it is natural to conjecture that under
suitable conditions one may have
α#p (X) + α
#
q (X) = 1
if p and q are conjugate, i.e. satisfy 1p +
1
q = 1.
Remark 5.8. We will see in [1, 2] that for local Dirichlet forms the limit
α#∞(X) = limp→+∞α
#
p (X)
is closely related to a Ho¨lder regularity property in space of the heat semigroup. If the conjecture
in Remark 5.7 is true, then classical interpolation theory (see Proposition 4.17) suggests that it is
reasonable to expect that for every p ≥ 1:
α#p (X) =
1
p
+
(
1− 2
p
)
α#∞(X).
Example 5.9. For strongly local Dirichlet forms with absolutely continuous energy measures, we
will see in [1] that one generically has α#p (X) = α∗p(X) =
1
2 for every p ≥ 1.
Example 5.10. On the infinite Sierpinski gaskets α#1 (X) =
dH
dW
, where dH is the Hausdorff di-
mension of X and dW its walk dimension, see [2]. Finding the exact value of α
#
1 (X) is, in general,
an open question; in particular it is open for Sierpinski carpets.
6 Sobolev and isoperimetric inequalities
In this section, we are interested in sharp Sobolev type embeddings (the case p = 1 corresponds to
isoperimetric type results) for the Besov spaces studied in this paper.
Let (X,µ, E ,F) be a Dirichlet space. Let {Pt}t∈[0,∞) denote the Markovian semigroup associated
with (X,µ, E ,F). Throughout the section, we shall assume that Pt admits a measurable heat kernel
pt(x, y) satisfying, for some C > 0 and β > 0,
pt(x, y) ≤ Ct−β (26)
for µ×µ-a.e. (x, y) ∈ X ×X, and for each t ∈ (0,+∞). Our goal in this section is to prove for the
space Bp,α(X) global Sobolev embeddings with sharp exponents and one of the main results will
be the following weak-type Sobolev inequality and the corresponding isoperimetric inequality:
Theorem 6.1. Let 0 < α < β. Let 1 ≤ p < βα . There exists a constant Cp,α > 0 such that for
every f ∈ Bp,α(X),
sup
s≥0
s µ ({x ∈ X : |f(x)| ≥ s}) 1q ≤ Cp,α‖f‖p,α,
where q = pββ−pα . Therefore, there exists a constant Ciso > 0, such that for every subset set E ⊂ X
with 1E ∈ B1,α(X)
µ(E)
β−α
β ≤ Ciso‖1E‖1,α.
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6.1 Weak type Sobolev inequality
We follow and adapt to our setting a general approach to Sobolev inequalities developed in [7] (see
also [51]). The pseudo-Poincare´ inequality proved in Lemma 4.20 plays a fundamental role here.
Lemma 6.2. Let 1 ≤ p, q < +∞ and α > 0. There exists a constant Cp,q,α > 0 such that for every
f ∈ Bp,α(X) ∩ Lq(X,µ) and s ≥ 0,
sup
s≥0
s1+q
α
β µ ({x ∈ X : |f(x)| > s}) 1p ≤ Cp,q,α‖f‖p,α‖f‖
q α
β
Lq(X,µ).
Proof. We adapt an argument given in the proof of Theorem 9.1 in [7]. Let f ∈ Bp,α(X) and
denote
F (s) = µ ({x ∈ X : |f(x)| > s}) .
We have then
F (s) ≤ µ ({x ∈ X : |f(x)− Ptf(x)| > s/2}) + µ ({x ∈ X : |Ptf(x)| > s/2}) .
Now, from the heat kernel upper bound pt(x, y) ≤ Ct−β, t > 0, one deduces, for g ∈ L1(X,µ), that
|Ptg(x)| ≤ Ct−β‖g‖L1(X,µ). Since Pt is a contraction in L∞(X,µ), by the Riesz-Thorin interpolation
one obtains
|Ptf(x)| ≤ C
1/q
tβ/q
‖f‖Lq(X,µ).
Therefore, for s = 2C
1/q
t
β
q
‖f‖Lq(X,µ), one has µ ({x ∈ X : |Ptf(x)| > s/2}) = 0. On the other hand,
from Theorem 4.20,
µ ({x ∈ X : |f(x)− Ptf(x)| > s/2}) ≤ 2ps−ptpα‖f‖pp,α.
We conclude that
F (s)1/p ≤ C˜s−1−q αβ ‖f‖α,p‖f‖
αq
β
Lq(X,µ).
As a corollary, we are now ready to prove the weak Sobolev inequality.
Theorem 6.3. Let 0 < α < β. Let 1 ≤ p < βα . There exists a constant Cp,α > 0 such that for
every f ∈ Bp,α(X),
sup
s≥0
s µ ({x ∈ X : |f(x)| ≥ s}) 1q ≤ Cp,α‖f‖p,α,
where q = pββ−pα .
Proof. Let f ∈ Bp,α(X) be a non-negative function. For k ∈ Z, we denote
fk = (f − 2k)+ ∧ 2k.
Observe that fk ∈ Lp(X,µ) and ‖fk‖Lp(X,µ) ≤ ‖f‖Lp(X,µ). Moreover, for every x, y ∈ X, |fk(x) −
fk(y)| ≤ |f(x)− f(y)| and so ‖fk‖p,α ≤ ‖f‖p,α. We also note that fk ∈ L1(X,µ), with
‖fk‖L1(X,µ) =
∫
X
|fk|dµ ≤ 2kµ({x ∈ X : f(x) ≥ 2k}).
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We now use Lemma 6.2 to deduce:
sup
s≥0
s1+
α
β µ ({x ∈ X : fk(x) > s})
1
p ≤ Cp,α‖fk‖p,α‖fk‖
α
β
L1(X,µ)
≤ Cp,α‖fk‖p,α
(
2kµ({x ∈ X : f(x) ≥ 2k})
)α
β
.
In particular, by choosing s = 2k we obtain
2
k
(
1+α
β
)
µ
(
{x ∈ X : f(x) ≥ 2k+1}
) 1
p ≤ Cp,α‖fk‖p,α
(
2kµ({x ∈ X : f(x) ≥ 2k})
)α
β
.
Let
M(f) = sup
k∈Z
2kµ({x ∈ X : f(x) ≥ 2k})1/q,
where q = pββ−pα . Using the fact that
1
q =
1
p − αβ and the previous inequality we obtain:
2kµ
(
{x ∈ X : f(x) ≥ 2k+1}
) 1
p ≤ 2− kqαβ Cp,α‖f‖p,αM(f)
qα
β .
and
2kµ
(
{x ∈ X : f(x) ≥ 2k+1}
) 1
q ≤ C
p
q
p,α‖f‖p/qp,αM(f)
pα
β .
Therefore
M(f)1−
pα
β ≤ 2C
p
q
p,α‖f‖p/qp,α .
One concludes
M(f) ≤ 2q/pCp,α‖f‖p,α.
This easily yields:
sup
s≥0
sµ ({x ∈ X : f(x) ≥ s}) 1q ≤ 21+q/pCp,α‖f‖p,α.
Let now f ∈ Bp,α(X), which is not necessarily non-negative. From the previous inequality applied
to |f |, we deduce
sup
s≥0
s µ ({x ∈ X : |f(x)| ≥ s}) 1q ≤ 21+q/pCp,α‖|f |‖p,α ≤ 21+q/pCp,α‖f‖p,α.
6.2 Capacitary estimates
It is well-known that Sobolev inequalities are related to capacitary estimates, see for instance [7,
Section 10]. In the current subsection, we explore this relation in our case. Let p ≥ 1 and 0 < α < β.
For a measurable set A ⊂ X, we define its (α, p)-capacity:
Capαp (A) = inf{‖f‖pα,p : f ∈ Bα,p(X),1A ≤ f ≤ 1}.
We have the following corollary:
Corollary 6.4. Let 0 < α < β. Let 1 ≤ p < βα . There exists a constant Cp,α > 0 such that for
every measurable set A ⊂ X,
µ(A)1−
pα
β ≤ Cp,αCapαp (A).
Proof. This is an immediate corollary of Theorem 6.3.
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6.3 Isoperimetric inequalities
Let E ⊂ X be a measurable set with finite measure. We will say that E has a finite α-perimeter if
1E ∈ B1,α(X). In that case, we will denote
Pα(E) = ‖1E‖1,α.
The notion of α-perimeter will be related to the notion of fractional content of the boundary of the
set in the subsequent work [2].
Proposition 6.5. Let 0 < α < β. There exists a constant Ciso > 0, such that for every subset
E ⊂ X with finite α-perimeter
µ(E)
β−α
β ≤ CisoPα(E).
Proof. We follow an argument originally due to M. Ledoux [47]. Observe that we have
||Pt1E − 1E ||L1(X,µ) = 2
(
µ(E)−
∫
X
(
Pt/21E
)2
dµ
)
.
Indeed, by symmetry and conservativeness of the semigroup we have
‖Pt1E − 1E‖L1(X,µ) =
∫
E
(1− Pt1E)dµ+
∫
Ec
Pt(1E)dµ
=
∫
E
(1− Pt1E)dµ+
∫
E
(Pt1Ec)dµ
=2
(
µ(E)−
∫
E
Pt(1E)dµ
)
=2
(
µ(E) − ‖P t
2
(1E)‖2L2(X,µ)
)
,
where the last inequality is due to the fact that∫
E
Pt1Edµ =
∫
X
(
Pt/21E
)2
dµ.
We now note that ∫
X
(Pt/21E)
2dµ ≤
(∫
E
(∫
X
pt/2(x, y)
2dµ(y)
) 1
2
dµ(x)
)2
=
(∫
E
pt(x, x)
1
2 dµ(x)
)2
≤ A
tβ
µ(E)2.
for some constant A > 0. Combining these equations yields
µ(E) ≤ Btα Pα(E) + C
tβ
µ(E)2, t > 0,
for some positive constants B,C. Optimizing in t concludes the proof.
We note that in the limiting case α = β, the previous proof yields the following:
Corollary 6.6. There exists a constant Ciso > 0, such that for every subset E ⊂ X with finite
β-perimeter and µ(E) > 0,
Pβ(E) ≥ Ciso.
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6.4 Strong Sobolev inequality
We now prove strong Sobolev inequalities. This requires an additional assumption on the space.
Definition 6.7. We say that the Dirichlet space satisfies the property (Pp,α) if there exists a
constant C > 0 such that for every f ∈ Bp,α(X),
‖f‖p,α ≤ C lim inf
t→0
t−α
(∫
X
∫
X
|f(x)− f(y)|ppt(x, y)dµ(x)dµ(y)
)1/p
.
Remark 6.8. The property (Pp,α) with α = 1/2 can be seen as a stronger form of the Proposition
5.3. As shown in [1,2], in many situations, the property (Pp,α) is satisfied, provided that the space
X satisfies a weak Bakry-E´mery type non negative curvature condition and that α is the Lp-Besov
critical exponent of X (see Section 5.2 for the definition of Besov critical exponent).
For instance, (Pp,α) is satisfied for p = 1, α = 1/2 for the standard Dirichlet form of R
n.
It is also satisfied for p = 1, α = 1/2 for the standard Dirichlet form of a complete Riemannian
manifold with non negative Ricci curvature. More generally, in the framework of [1], property (Pp,α)
is satisfied when p = 1, α = 1/2, see Theorem 5.2 there. A discussion in some fractal examples is
made in [2].
Our main theorem is then the following:
Theorem 6.9. Assume that the Dirichlet space satisfies the property (Pp,α) and that β is given
in (26). Let 0 < α < β. Let 1 ≤ p < βα . There exists a constant Cp,α,β > 0 such that for every
f ∈ Bp,α(X),
‖f‖Lq(X,µ) ≤ Cp,α,β‖f‖p,α,
where q = pββ−pα .
Note that in the standard Euclidean setting of Rn the Sobolev embedding theorem holds as
above with β = n. To show that the weak type inequality implies the desired Sobolev inequality,
we will need another cutoff argument and the following lemma is needed.
Lemma 6.10. For f ∈ Bp,α(X), f ≥ 0, denote fk = (f−2k)+∧2k, k ∈ Z. There exists a constant
C > 0 such that for every f ∈ Bp,α(X),(∑
k∈Z
‖fk‖pp,α
)1/p
≤ C‖f‖p,α.
Proof. By a similar type of argument, as in the the proof of Lemma 7.1 in [7], one has for some
constant Cp > 0,∑
k∈Z
∫
X
∫
X
|fk(x)− fk(y)|ppt(x, y)dµ ≤ Cp
∫
X
∫
X
|f(x)− f(y)|ppt(x, y)dµ.
As a consequence of property (Pp,α),(∑
k∈Z
‖fk‖pp,α
)1/p
≤ C ′p‖f‖p,α.
and the proof is complete.
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We can now conclude the proof of Theorem 6.9.
Proof of Theorem 6.9. Let f ∈ Bp,α(X). We can assume f ≥ 0. As before, denote fk =
(f − 2k)+ ∧ 2k, k ∈ Z. From Lemma 6.3 applied to fk, we see that
sup
s≥0
sµ ({x ∈ X : |fk(x)| ≥ s})
1
q ≤ Cp,α‖fk‖p,α.
In particular for s = 2k, we get
2kµ
(
{x ∈ X : f(x) ≥ 2k+1}
) 1
q ≤ Cp,α‖fk‖p,α.
Therefore, ∑
k∈Z
2kqµ
(
{x ∈ X : f(x) ≥ 2k+1}
)
≤ Cqp,α
∑
k∈Z
‖fk‖qp,α.
Since q ≥ p, one has ∑k∈Z ‖fk‖qp,α ≤ (∑k∈Z ‖fk‖pp,α)q/p. Thus, from the previous lemma∑
k∈Z
2kqµ
(
{x ∈ X : f(x) ≥ 2k+1}
)
≤ Cqp,α‖f‖qp,α.
Finally, we observe that
∑
k∈Z
2kqµ
(
{x ∈ X : f(x) ≥ 2k+1}
)
≥ q
2q+1 − 2q
∑
k∈Z
∫ 2k+2
2k+1
sq−1µ ({x ∈ X : f(x) ≥ s}) ds
≥ 1
2q+1 − 2q ‖f‖
q
Lq(X,µ).
The proof is thus complete.
6.5 Application
The Sobolev embeddings studied in this section have many applications that will be studied in great
details in the papers [1–3]. We just mention here that by combining Theorem 3.4 and Theorem 6.1
one immediately obtains:
Corollary 6.11. Let X be an Ahlfors dH -regular space that satisfies sub-Gaussian heat kernel
estimates as in Theorem 3.4. Then, one has the following weak type Besov space embedding. Let
0 < δ < dH . Let 1 ≤ p < dHδ . There exists a constant Cp,δ > 0 such that for every f ∈ Bp,δ/dW (X),
sup
s≥0
sµ ({x ∈ X, |f(x)| ≥ s}) 1q ≤ Cp,δ sup
r>0
1
rδ+dH/p
(∫∫
∆r
|f(x)− f(y)|p dµ(x) dµ(y)
)1/p
where q = pdHdH−pδ . Furthermore, for every 0 < δ < dH , there exists a constant Ciso,δ such that for
every measurable E ⊂ X, µ(E) < +∞,
µ(E)
dH−δ
dH ≤ Ciso,δ sup
r>0
1
rδ+dH
(µ⊗ µ) {(x, y) ∈ E × Ec : d(x, y) < r} . (27)
Remark 6.12. The number δ in the previous corollary plays the role of the upper codimension of
the boundary of E. This will be further commented in [2].
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Proof. From the upper sub-Gaussian estimate, one has
pt(x, y) ≤ Ct−β
where β = dH/dW . Let 0 < α < β. Let 1 ≤ p < βα . From Theorem 6.1, there exists a constant
Cp,α > 0 such that for every f ∈ Bp,α(X),
sup
s≥0
s µ ({x ∈ X : |f(x)| ≥ s}) 1q ≤ Cp,α‖f‖p,α,
where q = pββ−pα . However, from Theorem 3.4,
‖f‖p,α ≤ C sup
r>0
1
rαdW+dH/p
(∫∫
∆r
|f(x)− f(y)|p dµ(x) dµ(y)
)1/p
.
The result follows then with δ = αdW .
7 Cheeger constant and Gaussian isoperimetry
While the previous section was devoted to Sobolev inequalities on Dirichlet spaces for which the
semigroup satisfies ultracontractive estimates, the present section is devoted to situations where
the Dirichlet form satisfies a Poincare´ inequality or a log-Sobolev inequality.
7.1 Buser’s type inequality for the Cheeger constant of a Dirichlet space
In the context of a smooth compact n-dimensional Riemannian manifold with a normalized Rie-
mannian measure µ, Cheeger introduced in [20] the following isoperimetric constant
h = inf
Hn−1(∂A)
µ(A)
,
where Hn−1(∂A) denotes the perimeter measure of A and where the infimum runs over all open
subsets A with smooth boundary ∂A such that µ(A) ≤ 12 . Cheeger’s constant can be used to bound
from below the first non zero eigenvalue of the manifold. Indeed, it is proved in [20] that
λ1 ≥ h
2
4
.
Buser [18] then proved that if the Riemannian Ricci curvature of the manifold is non-negative,
then we actually have
λ1 ≤ Ch2
where C is a universal constant depending only on the dimension. Buser’s inequality was reproved
by Ledoux [46] using heat semigroup techniques. Under proper assumptions, by using the tools we
introduced in the present paper, Ledoux’ technique can be essentially reproduced in our general
framework of Dirichlet spaces.
Let (X,µ, E ,F) be a Dirichlet space such that µ(X) = 1. Let {Pt}t∈[0,∞) denote the semigroup
associated with (X,µ, E ,F). The Dirichlet form E is said to satisfy a spectral gap inequality with
spectral gap λ1 if for every f ∈ F ,∫
X
f2dµ−
(∫
X
fdµ
)2
≤ 1
λ1
E(f, f).
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We assume in this section that E satisfies a spectral gap inequality. For α ∈ (0, 1], we define the
α-Cheeger’s constant of X by
hα = inf
‖1E‖1,α
µ(E)
,
where the infimum runs over all measurable sets E such that µ(E) ≤ 12 and 1E ∈ B1,α(X). We
denote by λ1 the spectral gap of E .
Theorem 7.1. We have hα ≥ (1− e−1)λα1 .
Proof. Let A be a set with Pα(A) := ‖1A‖1,α < +∞. As shown in the proof of Proposition 6.5, we
have
‖1A − Pt1A‖L1(X,µ) = 2
(
µ(A)− ‖P t
2
(1A)‖2L2(X,µ)
)
.
By the pseudo-Poincare´ inequality in Lemma 4.20,
‖Pt1A − 1A‖L1(X,µ) ≤ tαPα(A).
We deduce that
µ(A) ≤ 1
2
tαPα(A) + ‖P t
2
(1A)‖2L2(X,µ).
Now, by the spectral theorem,
‖P t
2
(1A)‖2L2(X,µ) = µ(A)2 + ‖P t2 (1A − µ(A))‖
2
L2(X,µ) ≤ µ(A)2 + e−λ1t‖1A − µ(A)‖2L2(X,µ).
This yields
µ(A) ≤ 1
2
tαPα(A) + µ(A)
2 + e−λ1t‖1A − µ(A)‖2L2(X,µ).
Equivalently, one obtains
1
2
tαPα(A) ≥ µ(A)(1 − µ(A))(1 − e−λ1t).
Therefore,
hα ≥ sup
t>0
(
1− e−λ1t
tα
)
,
which completes the proof.
As already noted in [11], let us observe that it is known that the Cheeger lower bound on λ1
may be obtained under further assumptions on the Dirichlet space (X, d, E). Indeed, assume that
E is strictly local with a carre´ du champ Γ, that Lipschitz functions are in the domain of E and
that
√
Γ(f) is an upper gradient in the sense that for any Lipchitz function f ,√
Γ(f)(x) = lim sup
d(x,y)→0
|f(x)− f(y)|
d(x, y)
.
In that case, if A is a closed subset of X, we define its Minkowski exterior boundary measure by
µ+(A) = lim inf
ε→0
1
ε
(µ(Aε)− µ(A)) ,
where Aε = {x ∈ X, d(x,A) < ε}. We can then define a Cheeger’s constant of X by
h+ = inf
µ+(E)
µ(E)
,
where the infimum runs over all closed sets E such that µ(E) ≤ 12 . Then, according to Theorem 8.5.2
in [8], one has
λ1 ≥
h2+
4
.
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7.2 Log-Sobolev and Gaussian isoperimetric inequalities
Let (X,µ, E ,F) be a Dirichlet space such that µ(X) = 1. Let {Pt}t∈[0,∞) denote the semigroup
associated with (X,µ, E ,F). The Dirichlet form E is said to satisfy a log-Sobolev inequality with
constant ρ0 if for every f ∈ F , f ≥ 0,∫
X
f2 ln f2dµ−
∫
X
f2dµ ln
∫
X
f2dµ ≤ 1
ρ0
E(f, f). (28)
We assume in this section that E satisfies a log-Sobolev inequality with constant ρ0. We define
the Gaussian isoperimetric constant of X by
k = inf
‖1E‖1,1/2
µ(E)
√
− lnµ(E) ,
where the infimum runs over all sets E such that µ(E) ≤ 12 and 1E ∈ B1,1/2(X). Following an
argument of M. Ledoux [46], we prove the following:
Theorem 7.2. We have
ρ0 ≤ Clk2
where Cl is a numerical constant.
Proof. Let A be a measurable set such that P (A) := ‖1A‖1,1/2 < +∞. By the same computations
as before we have
µ(A) ≤ 1
2
√
tP (A) + ‖P t
2
(1A)‖2L2(X,µ).
Now we can use the log-Sobolev constant to bound ‖P t
2
(1A)‖22. Indeed, from Gross’ theorem it is
well known that the logarithmic Sobolev inequality∫
X
f2 ln f2dµ−
∫
X
f2dµ ln
∫
X
f2dµ ≤ 1
ρ0
E(f, f),
is equivalent to the following hypercontractivity property of the semigroup
‖Ptf‖Lq(X,µ) ≤ ‖f‖Lp(X,µ)
for all f in Lp(X,µ) whenever 1 < p < q <∞ and eρ0t ≥
√
q−1
p−1 . Therefore, with p(t) = 1+e
−2ρ0t <
2, we get
√
tP (A) ≥2
(
µ(A)− µ(A) 2p(t)
)
≥2µ(A)
(
1− µ(A)
1−e2−ρ0t
1+e−2ρ0t
)
.
By using then the computation page 956 in [46], one deduces that if A is a set which has a finite
P (A) and such that 0 ≤ µ(A) ≤ 12 , then
P (A) ≥ C˜√ρ0µ(A)
(
ln
1
µ(A)
)1
2
,
where C˜ is a numerical constant.
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